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The Logical, Mathematical, and Scientific Reasoning Involved in the Problems of a 
Sample Run of the EQUATIONS Challenge Matches Research Mode 



b}' Laj^man E. Alien. University of Michigan 

Problern solving that both re^ and develops higher-order thirikirig skills is illustrated in 
the EQUATIONS Challenge Matches program. ^ The fundamehtal reasqriihg skilis involved in logic, 
iMyiernJitics- _anL^ dealing with the challenging jDroblems posed in the 

RESEARCH MODE of the EQUATIONS Challenge Matches program. 

When the Multi-Level diskette of this jDrbgram is used and Match R9 is selected, the following 
appears on the screen: 



Solution Research Resoarces Solution Solutions 

Match R9 Number of Solutions: 12 used entered on liist: 

GOAL r e 

RESOURCES: --x//i234 

FORBIOdEN: 

PERMITTEd: 

REQUIRED : 



SOtUTION CHECKING MODE 
Please type a propose-^ Sblutich, or 
CONTROL L to siee the "next" page in the 
List of Solutions or just press RETURN 

to return to MOVE ENtRY MODE . Page number 1 of 1 

? 

^ - ^Whai tS^ says is that there are at least 12 different Solutions that can be built for the GOAL 
of 6 from the RESOURCEts given. How many of them do you see? 

The rules for building Solutions are: 



1. A Solution expresses a number equal to the number expressed by the GOAL. 

2. One Solution is different from a second Solution only if Jt xises^ifferent ftAESDHReES 
from those used by_ the second Solution. Thus, 2x3 fitnd 3x2 are not different Solutions, but 
3x2 and {4-i)x2 are. 

3. Only the RESOURCES available can be used in building a Solution. ^of_ example, neither 
4 + 2 nor 2x3x1 are Solutions because there is no + available stud there is only one x avail- 
able. 

4. The / indicates division, the x indicates multiplication, and the - indicates subtraction. 

5. There are an iinlimited number of parentheses available to indicate how to group jDarts of 
the expression. (However, multiplication can be expressed in a Solution only by using an x.) 

6. Only single-digit ntimerals can be used in a Solution. Thus, for the GOAL of 3 with 
RESOURCES of 1 2 4 6 X /, the expression, 12/4^ is not a Solution, but 6x2/4 is. 



^llie^- EQUATIONS BhaHen^ Matches progr^ consists of four diskettes - one each at 
elementai7, intermediate, and advanced levels, and a multi-level diskette. The diskettes are 
available for Apple H, n+, lie, and He miCTOcdmputerSi and also for IBM PC and IBM 
PCni^ompatible machines. For details^ write to WFF *N PROOF, 1490 South Boulevard, Ann 
Arbor, MI 48104. 



Logical, Mathematical, and Scientific Reasoning in PrbBfem-SoIving 



If you entered the Solution 3x2 at the ? prompt aind then pressed RETURN, the screen would change 
to the follow'ng: 



Solution Research Resources Solution Solutions 

Match R9 Number of Solutions: 12 uised enteired on list: 

. _ 1 

GOAL t e I 23 X 3x2 

RESOURCES: --x//1234 

FORBIDDEN: 

PERMITTED: 

REQUIRED : 



3x2_ _ 

is a Solution. 



SOLUTION CHECKING MODE 
Please type a proposed Sol ut ion, or 
CONTROL L to see the "next" page in the 
List of Solutions or just press RETURN 

to return to MOVE ENTRY MODE . Page number 1 of 1 

? 



This feedback would verify that 3x2 is a Solution, list the RESOURCES used in it in an 
orderly way, indicate that you had achieved 1 of the 12 different Solutions possible, arid prompt you 
with a ? for your ne;t entry. If you then entered 2x3 as a Solution at the ? prompt, what would 
appear of the screen is the following: 



Solution Research _ _ _ Resources Solution Solutions 

Match R9 Number of Solutions: 12 used entered on list: 

GOfiC ^ : 6 23 X 3x2 

RESOURCES: --x//1234 

FORBIOOEN: 

PERMITTED: 

RgOUIRED : 



2x3_ _ 

is a Solution, bat the set of RESOURCES 

used in it does not differ from those 

used in 3x2. 

SOLUTlOKl CHECklfslG MODE _ 
Please type a proposed Solution, or 
CONTROL L to see_the "nextJ* page in the 
List of Solutions or just press RETURN 

to return to MOVE ENTRY MOOE. Page number 1 of 1 

? 

How rriariy additional Sbiutibris do you see? Do 3'ou see all 12 x)f them? In this sarhple run of 
R9j suppose that the person saw and entered ^ diie at a time as the ? prompt appeared: 3x2/1, 
3x(4-2), 3x(4-2)/l, 3x(4/2), and 3x(4/2)/l. After the Bnal entry, the Following would be on die screen: 
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Solution Research 
Match R9 Nymber of Solat^ons: 12 



Resources 
used 



Solution 
entered 



GDAL : 6 


2:3 


X 


3x2 


RESOURCES; --x//l234 


1.'23 


X/ 


3x2/1 


FORBibbEtsI: 


a'34 


-X 


3x(4-2 j 


PERMITTED: 


.234 


x/ 


3x(4/2j 


REOaiRED : 


1234 


-X/ 


3x(4-2)/1 




1234 


X// 


3x(4/'^ )/l 



Solutions 
&n list: 
6 



3x(4/2)/1 

is a Solution, 



SOLUTION CHECKING. MDOE _ 

Please type a proposed Solution, or 
CONTROL C to see the "next" page in the 
List of Solutions or just press RETURN 
to return to MOVE ENTRY MODE. 



Page number i of i 



How about it; have j^ou run out of gas aboul here the way that our Kypothetical person jdid? 
Qr do you see anotfier SolSjta^^ enter at the ? prompt? Do you -want your students to learn to 
think deeply about sucii elii .^'^^ntory math problems (and some more advanced ones, too)? There are 
effective ways to get ijf/to isabflt of developing these deeper thinking skills in mathematics by more 
self consciously getting into tte togical and scientific reasioning involved,. You can dp it (among a host 
of <>ther ways) by plajniirl; EJQl^ by matching wits with the computer in going through the 

DIG Math prj^M^ i^^i bj): both cooperating and comjDeting with other players while battling the 
computer in EQUATIONS Challenge Matches, 



Fyou do not S€je any jBpre So^ then the tiling to do next in this RESEARCH MODE is 

U) simply press RETURN to go to the MOVE ENTRY MODE, where the following will appear on the 
screen: 



Solution Research 




Resources 


Solut ion 


Ma ten R9 Number of 


Solutions: 12 


used 


entered 


GOAL : € 




23 X 


3x2 


RESDURCCS: - - x / / 1 


2 3 4 


123 x/ 


3x2/1 


FORBIDDEN: 




234 -X 


3x(4-2) 


PERMITTED: 




234 x/ 


3x(4/2) 


REQUIRED : 




1234 -x/ 


3x(4-2)/1 






1234 x// 


3x(4/2)/1 



SOLUTION 
LENGTH 
11 
9 

7 . . . 

5 

3 



NUMBER OF SOLUTIONS 
Before Moves After Moves 
0 
O 

4 

7 
1 



Sol utions 
on list: 
6 



Solutions Eliminated 
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MOVE ENTRY MODE 
Enter moves, OS to Check a Solution, 
0 to Quit or COfsiTROL 1 to see the ''next" 

page in the List. Page number 1 of 1 

? 

: _ : the MO ENTRY MODE you can conduct experiments ahcLgain valuable information bv 
making moves of the Itesources that Forbid or Require their use. To illustrate how to do sucfi 
experiments, suppose that you decide to Forbid the 1 that_ is in the Resources; You can do so by 
entering Fl at the ? prompit. What will appear on the screen if you enter Fi is the followi ig: 



Solution Research 




Resources 


Sdl ut ion 


Match R9 


Number of 


Solutions: ^2 


used 


entered 


GOAt 


r € 




23 X 


3x2 


RESOURCES 


: - - X / / 


2 3 4 


123 x/ 


3x2/1 


FORBIDDEN; 


: 1 




234 -X 


3x(4-2 ) 


PERMITTEC>: 






234 x/ 


3x(4/2) 


REOUIRH'D : 






1234 -x/ 


3x(4-2)/l 








1234 x// 


3x(4/2)/1 


SOtUT*iJ?SI 


NUMBER OF 


SOLUTIONS 






tENGTH 


Before Moves 


After Moves 






1 1 


D 


CI 






9 


0 


b 






7 


... 4 .... 


. . . . 0 






5 


7 


3 







3 _ _ 1 1 

Solutions Eliminated ..... 7 



MOVE ENTRY MODE 
Enter moves, CS to Check a Solution, 
0 to Quit or CONTROL L to see the "next" 

page in the List. Page number l of i 

? 

experiment conducted by moving the 1 to Forbidden meaiis thai the Forbidden. 1 can jno 
longer be used in constructing Solutions. This has the effect of eUnriirAating all. 4 of the possible 
Solutions that use 7 of the Resources: and elirnihatihg 4 of the 7 possible SolutioSs that use 5 of the 
Resources^ but riot eliminating tiie 1 Solution that use^ 3_of__:^e Resom-cea: This, in turn, means that 
with the 1 Forbidden, there are still 3 possible Solutions that use 5 Resources (in other words, that 
are of length 5), and 1 possible Solution of lengtfi 3. 

By examining the six Solutions oh the list of those_that haye_23reaay been written, we can see 
that there is ahready one there of length 3 that does not use the Forbidden 1; so we already have that 
Solution. 

However^ with: respect to tiie Solutions of lejo^ 5^ it is quite a different stoiy. Since there 
are c^n^ four numerals in the ojdgmd setjof Resom-ces, \n^en the 1 is Forbidden, all three of the 
reniaining Resoin-c^^ Solutions of length 5. TMs means thafceach of 

these ^ Solutions of lengtii 5 must contain the 2, the 3, and the 4. But when we look at the Solutions 
of length 5 on tiie list of those that have already been discovered^ only two of them contain the three 
Required numerals. This means that there is another -Solution of length 5 that contmns the 
numerals, 2, 3, and 4^ that we have not yet discovered. But what is that other length 5 Solution? 
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What operation signs does it use? How can we find but? 

We can find out by conducting further experirnents - by making further moves. 

Jr„we examine the Resources available, we see that the only operation signs there are: - - x / 
and /. A Solution of length 5 will contain exactly two operation signs, and there are just five possible 
pairs of operation signs from those that are available, namely: - - x^ - /. x arid / /. 

lii_Uie list of Solutions already discovered, the two of length 5 that contain the 2, the 3 and 
the 4, use the pairs of operations: - x, and x /. So, the unknown Solution of length 5 that uses the 
numerals, 2. 3. and 4. must use One of the three follovsririg pah's of Solutions: ► % - /. or / /. We can 
find out just which pair by eoriductirig the three expleriments of making the moves of Requiring 2 3 4 
- Requiririg 2 3 4 -/, and Renuiririg 2 3 4 //. 



When 2 3 4 -- are Required,-tBe feedback is: 

1 Solution possible of length 7 
0 Solutions possible of length 5 
b Solutions possible of length 3 
This indicates that there is no Solutibri of lerigth 5 that uses the Resources, 2 3 4 --. 



When 2 3 4 -/ are Required, the feedback is:_ 

2 Solutions possible of lengfli 7 
0 Solutions possible of length 5 
- b Solutions possible of length 3 

This indicates that there is no Solutioai of length 5 that uses the Resources, 2 3 4 --. 



When 2 3 4 // are Required^ the feedback is: j_ 

2 Solutibhs ]3bssible of length 7 

1 Sblutibn possible of length s _ 

6L Solutions possible of lenp^ 

This indicates ifiat we have Found what we are looEng for; there is one Solution of length 5 that 
uses the Resources, 2 3 4//. 

Once we know what Resources are used in a Sdltitibri^ it is not too difficult to discover how to 
order and group therirj to construct a Sblutiori. 

We observe, first, that Solutions of length 5 are either of the form, No{NoN), or of the form, 
(NoN)oN, where N's indicate niimerals and o's indicate operations. 

^1 111^^ ^^^^^^j second, tiiat there are no expressions of the second fonii from the available 
Resources tiiat equal 6, that is, there is no (N/N)/N = 6, where the N numerals are 2, 3, and 4. 



We, then, ask burselves such questions as: 

3 divided by what ^constructed from 24 /) = 6? 
2 divided by what (constructed from 34 /) = 6? 
^ - ^ —_- ------- - ^ diyided by vifett (consmict^ from 23 fj == 6? 

and we conclude that in two of the three cases, we get the results that we are looking for, 
namely: 

3/(2/4) = 6 and 4/(2/3) = 6 

So, 

bave found ^iribther Sblutibn^ which we can easily check by going back into SOLUTION 
CHECKING MODE and entering, for example, 3/(2/4). 

After tliis new 6re_fias been added, our Sst of seven discovered Solutions includes: 
3x2 3x2/1 3x(4-2) 3x(4/2) 3/(2/4) 3x(4-2)/l 3x(4/2)/l 
So, we now have: the only Solution of length 3, 4 of the 7 Solutions of length 5, and 2 of the 4 
Solulaons of length 7. 
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If w5 _now focus attention upon discovering the remaining pair of Solutions of length 7, we 
observe that all Solutions of this length will contain the numerals, i 2 3 4* and three operation signs. 
There are just five sets of triples of oper. Mon signs possible from the available Resources; namely: 
• - X, • • y, • X - / /, and X / /. We obserS'e that the - x / and x / / triples havi already been used in 
the three Sblutibris of length 7 that have already been discovered. So, the only three triples that 
remain to be tested are - • x, - - /, and - / /. 

We can test the?e three triples by conductinjg experiments that make the moves of Requiring 
1 2 3 4 • - X, Requiring 1 2 3 4 - - A arid Requiring ] 2 3 4 -//. 



When i 2 3 4 - - X are Requirejd; the feedback is: 
1 Solution possible ol length 7 
b Solutions possible of length 5 
0 Solutions possible of length 3 
This indicates that there is brie Sblutibri bf lerigth 7 that uses the Resources, 1 2 3 4 * * x. 



Notice that an alternative way of acquiring the same information (and more) with the given 
Resources is to move to Forbidden the other operation signs, namely: / /. 

When / / are Forbidden, the feedback is: 

1 SbltiUori possible of lerigth 7 
3 Sblutibrib possible of lerigth 5 
_: : 1 Sblutiori possible of lerigth 3 : 

This also indicates that tJiere is one SolutioELof length 7 that uses the Eesourcesi 3 4 - - x; 
Ir» addition^ it indicates ihat there are J3 Solutions _df length 5 that use paira of operations from 
tbe set consisting of - - x. This turn out to be xiseful information in determining the 
other Solutions of length 5, but for tiie moment, we should focus on the next Solution of length 7. 
Since it uses two subtraction signs ^nd a multiplication sign, one possible strategy to construct 
an expression equal to 6 is to use the x to p'-'- ress a number larger than 6 arid the use the pair of 
-'s to reduce it to 6. - The only pairs bf niunerals available, that when multiplied express a 
riuriiber larger than 6, are the pairs 2, 4 arid 3, 4. When we explore the first pair, we quickly see 
that 4x2 = S, and when we ask: S - ? = 6, we are quickly led to the Solution, 4x2-(3-l). 



When 1 2 3 4 -- / are Sequired, the feedback is: 
d Solutions possible of length 7 
0 Solutions poi^sibie of length 5 

0 Soliitions possible of lerigth 3 

This indicates that there is rib Solutabri bf lerigth 7 that uses the Resources, 1 2 3 4--/. 

When 1 2 3 4 -/ / are Required, iiie feedback is: 

1 Solution 4)ossible of lengiiL ?- 
6 Solutions possible of length 5 
d Solutions possible of length 3 

l%is indicates that there is one Solution of length 7 that uses the Resotirces, 1 2 3 4-//. We 
could have irifeired that there was a Sblutibri wth these Resburces frbm what we already knew. 
We knew that there were brily tiir^ renoiainirig trip^le of operatibris to be tested for whether they" 
were used in the tri»b imkrio^^ Sdlutibhs of length 7, Since - - x are iased in jane^ of the unknown 
length 7_ Solutions. andL- - / areibt used in bne^ the remaimhg - 1 / must he used in the other 
uidmown one. Henc^ the experiment in which 15 3 4-/7 are Required can be regarded as a 
replication to confirm the theorizing that has been done. It is somewhat trickier to detect the 
parallel that exists between a Solution that Is possible by means of this set of Resources arid 
brie that we have Idready discoveredL But there is such a cbnriection, and once we notice it we are 
home. The paralld Solution is 3/(2/4), and the connection is that this and the new Solution both 
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invoit^e the idea of dividing by a fraction; they both contain a pair of /'s. The connection is 
expressed in the following equalities: 

^: 3/(2/4L=3/a/2) = 3/^/(4-^^^^ 

This analysis, in turn, reveals one of the 3 unknown Solutions of length 3, namely, 3/(1/2). 

After these three new ones have been added, our list of ten discovered Solutions includes: 3x2 
3x2/1 3x(4-:2) :3x(4/2) 3/(1/2) 3/(2/4) 3x(4-2_)/l 3x(4/2}/I 4x2-C3-l) and 3/(l/(4-:2)). So, we now have 
the only Sblutibh of length 3, a total of 5 of the 7 Solutions of length 5, and all 4 of the Solutions of 
length 7. All we need are the 2 remaining Solutions of length 5. 

What do we already know about the 2 unknown sblutibhs of len^h 5 from the experiments 
already performed?j We know from the experiment in which the / / are Forbidden that there are 3 
Solutions of length 5 in which the pairs of operations. • - and - x are used. But among the Solutions of 
length 5 already discovered there, is onlj^ 1 that uses either of tiiese pairs, namely, the 3x(4-2) that 
uses the - X. So, .there are 2 jnore Solutions of length 5 that use either another - x or a - What 
experiments will indicate which pairs are in the unknown length 5 Solutions, and possibl3' provide 
other useful information as well? 



When - X is Required, the feedback is: 

2 Solutions possible of length 7 
2 Solutions possible of lengOi 5 
-- -- - - b Solutions possible of length 3 

This indicates that 1 of the 2 unknov^n length 5 Solutions uses - x and that the other one uses 

But what nurnerals are used with these? The experiment in which the 1 was Forbidden 
indicates that there are 3 Solutions of length 5 that use 2 3_ 4. All 3 of these have already 
been discovered. So, the 2 remaining unknown length 5 Solutions must use 1 2 3 or 1 2 4 or 
13 4. 

When the 4 is Forbidden^ jHie feedback is: 

b Solutions possible of length 7 
2 Solutions possible of length 5 
1 Solution possible of length 3 
Both of the length 5 Solutions that use the trio of digits 12 3 have already been discovered. 

When the 3 is Forbidden, the feedback is: 

0 Solutions possible of length 7 

1 Solution possible of lengih 5 

- _ b Solutions possible of length 3 

No Solutions of length 5 that use 1 2 4 have been discovered; so, 1 of the 2 unknown Solutions 
of length 5 uses 12 4 and the other xinknown Solution must use 13 4^ the bhl3' remaining 
possibility? 



: Sb^ what is how tnbwh? The results of the experimente indicate Siat die ntzmerais in the 2 
unknown lengthi 5 Solutions^ are_^l 2 4 and 13 4, dmA tfiat the operations in them are - x and - 
Araoed wii£ tfe jjfforni^ problemrsolvers will see how to put the sets of numerals and sets 

of operations together appropriately to con£truct the Solutions, (4-l)x2 and 3-(l-4). 

That t^jodpletes Jthe entireJtet of 12jffl?ei^t Soi^^^^ and tiie problem posed to find them is 
of tiaese Solutions were discovered (in this account) by conducting 11 experiments. 
H^ese experiments provided data that helped to focus attention on concepts that were uked in the 
&lutions, but were not immediat^y appar^t to bur hyfRSthetical prbhlem-sblyer by his or her self 
observation of his ' her knowledge of mathematics. By this accbuht our hypbtheticsQ . problem-solver 
was unable to solve the problem by ohseryatioii^ science .alone, that is^ 6y merely obser^g his or 
her state, of mathematical knowle^ But wh^ mere observational saerice is ext^ded to include 
experiinental science, the solving oF the problem is achieved. When a problem-solver can experiment. 
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he or she has available much more powerful tb^^ for ; solving prbblerhs than when all that it is 
possible ib db is to observe, Seemingly simpfe problems involving only derne^ 
from Challenge Matches of the EiillATIDJ^S Game Ulustrate dramaUcally this powerful difference. 
Mathematical knowledge and reasoning aione just are not enough (for most persons) to do the job. 
Biit when such knowledge is supplemented by logical reasoning and scientific experimentatidn, the 
problem-solver's capacity is magnified many-fold. 

_ _ _ TBoseL few readers whose depdi of understanding of aritlimetic permitted them to easily solve 
the problem above without resorting to experiment may wish to test their intuitions further by the 
pair of problems below. These should persuade most readers that it is relatively easy to generate 
problems in this fashion that will go to the edge of any learner's current understanding. 



SECOND PROBLEM. GOAL: 2_ _ 

RESDURCESi + x L L 3 4 6 6 9 
Number of different Solutions: 8 

L indicates the logarithm operation; thus b L a_ indicates 
the Log of a to the base b. For example, 10 L 100 = 2. 

THIRD PROBLEM. Ga^L^ 18/25 

RESOHRCES:- + x x / / A 3 5 5 6 where A = 3/5 
Number of different Solutions: 7 

Logic, mathematics, and scientific experimentation tend to be taught sepa^-ately in s^ 
courses rather efrectively isolated from each other. The Research Mode of the Challenge Matches of 
EQUATIONS provides (Ij problems that require for solution an integrative use of logical, mathemat- 
icalj and scientific reasoning and (2) an efficient software laboratory for learning and practicing such 
skills. 
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- The Research Mode of the EQUATIONS Challenge Matches can be 

viewed as a software laboratory. Users of the program design and 
perforin experiments to obtain information that they need: to solve 
problems involving application of elementary mathematical ideas^Bse 
of the program provides striking illustration of how the illuminattve 
power of observation science i like astromohy 5 is enhanced when it Is 
extended to become experimental s^^ Instead of 

merely observing carefully the current state of affairs < her own 
mathematical knowledge) and the unfolding stream of events that are 
occurring (what she is noticing about the problem as stated) ^ the 
problem-solver can arrange for things to happen that will provide 
exactly the information that is heeded to deal with th^^ 
The series of exercises on the EQUAtiONS Challenge Matches diskette 
have been_deveIoped to provide u^ to learn and use 

the fundamental reasoning and problem-solving skills of careful 
observation, logical deduction, mathematical analysis , asking good 
questions (which in this context is equivalent to designing zood 
experiments) , scientific research by experimentation^ and data _ 
gathering^ organization , and analysis* Instead of being- presented 
in ah isolated fashion in different courses^ all o these powerful 
techniques are brought together in dealing with a single problem* 
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